Abstract. Using a recently developed schema of Isham and Kuchai, a canonical representation of spacetime diffeomorphisms is found for parametrised Maxwell electrodynamics. Gauge invariance hampers the direct application of the schema because the scalar potential 6-plays the role of a Lagrange multiplier which enforces the Gauss constraint and therefore lies outside the extended phase space. This difficulty is circumvented by turning the scalar potential into a canonical momentum T conjugate to a supplementary scalar field + and prescribing their dynamics by imposing the Lorentz gauge condition. The superHamiltonian and supermomentum of this modified theory satisfy the Dirac closure relations and induce the correct behaviour of field projections under hypersurface shifts and tilts. These properties lead to the canonical representation of the generators of spacetime diffeomorphisms. The Maxwell theory is recovered at the end by imposing two additional constraints, the C ( x ) := +(x) = 0 constraint and the Gauss constraint, each of which is preserved by the generators of spacetime diffeomorphisms. The situation is compared with that arising in canonical geometrodynamics.
Introduction
In an ordinary PoincarC-invariant field theory on a flat Minkowskian background, each generator of the PoincarC group is represented by a dynamical variable on the phase space of the field so that the Lie algebra of the PoincarC group is homomorphically mapped into the Poisson bracket algebra of these dynamical variables. Moreover, each dynamical variable (the total energy, linear momentum, angular momentum and generalised angular momentum) generates the evolution of the field carried by a flat hypersurface when this hypersurface is displaced by the corresponding generator (time translation, space shift, rotation or Lorentz boost) of the PoincarC group.
Field theories on a curved background are not PoincarC invariant, but they can be made invariant under arbitrary spacetime diff eomorphisms diffA by adjoining the embedding variables to the configuration variables of the field (Dirac 1964 , Kuchai 1976b , § 7). A field theory on such an extended configuration space, or its canonical version on the corresponding extended phase space, is called a parametrised field theory. Within its context, one can ask a question similar to the problem posed for the original PoincarC-invariant theory: can one find a homomorphic mapping from the Lie algebra LdiffA of spacetime diffeomorphisms into the Poisson algebra of dynamical variables on the extended phase space? Moreover, do the Poisson brackets of the canonical variables on the extended phase space with the dynamical variables which represent the generators of LdiffA correctly induce the displacements of embeddings accompanied by the evolution of the field variables predicted by the field equations ?
Both of these questions were answered in the affirmative by a method proposed by Isham and Kuchaf (1985a) . Furthermore, the same method was adapted (Isham and Kuchaf 1985b) to canonical geometrodynamics, which is a Hamiltonian version of a generally relativistic theory p u r excellence, namely, the Einstein theory of gravitation. However, the application to geometrodynamics turned out to be far from straightforward. In order to represent Ldiffk, it was necessary not only to extend the geometrodynamical configuration space by the embedding variables, but also to lock them into the metric variables by (covariantly written) Gaussian 'coordinate conditions'. The extended geometrodynamics reduced to the Einstein theory only after supplementing the standard superHamiltonian and supermomentum constraints by another set of four constraints associated with the embedding variables.
At least part of this complication arises because not all the components of the spacetime metric are dynamical; some of them instead play the role of Lagrange multipliers (the lapse and shift functions). These components must be turned by some 'coordinate conditions' into dynamical variables on the extended phase space in order for the method to work. For technical reasons, the Gaussian conditions can be expected to yield the desired results (as they do). However, it remains unclear whether other conditions (such as the de Donder condition, often preferred in the path integral approach to quantum gravity) can achieve the same aim.
In this paper, we want to illustrate the same problem in the much simpler context of a parametrised gauge theory on a given background. As in gravity, certain components of the gauge field, namely those perpendicular to the embedding, are not dynamical but instead play the role of Lagrange multipliers. Spacetime diffeomorphisms mix such components with the dynamical ones, but they cannot be directly implemented by canonical transformations because the Lagrange multipliers are not elements of the phase space. We shall turn them into dynamical variables by imposing the Lorentz condition, which is an ancestor of the de Donder condition in general relativity. The multiplier enforcing such a derivative condition turns out not to be dynamically a multiplier at all, but rather a canonical variable conjugate to the normal projection of the gauge field. On the extended phase space, the Isham-Kuchaf procedure provides the dynamical variables representing the generators of Ldiff A. However, as in geometrodynamics, the ensuing theory is equivalent to the original gauge theory only after imposing certain additional constraints which cut down the newly introduced degrees of freedom. In this sense, the Lorentz condition serves the same purpose in a parametrised gauge theory as does the Gaussian condition in general relativity. However, there is also a basic difference: the lapse and the shift components of the spacetime metric in general relativity enforce constraints which are directly responsible for the spacetime evolution, whereas the normal component of the gauge field enforces a constraint which generates gauge transformations and which is thus not related to spacetime diffeomorphisms. The parametrised field action is invariant not only under spacetime diffeomorphisms, but also under gauge transformations. By making the normal projection of the gauge field dynamical with the help of the Lorentz condition, we have succeeded in representing spacetime diffeomorphisms, but we have lost the generator of gauge transformations. It is thus not U priori clear what an imposition of the de Donder condition achieves in canonical geometrodynamics.
Because we are not so much striving for generality as seeking to obtain a transparent illustration of a formally involved situation in canonical geometrodynamics, we shall limit our discussion to Maxwell's electrodynamics as the simplest example of a gauge theory.
Parametrised field theories and spacetime diffeomorphisms
In the canonical treatment of the evolution of a field on a prescribed pseudo-Riemannian spacetime background, the spatial 3-manifold 2 (assumed in this paper to be compact), equipped with coordinates x', is embedded in the spacetime 4-manifold A, equipped with coordinates X " , by the mapping
(2.1)
The Greek indices take values 0, 1, 2, 3; the Latin indices take values 1, 2, 3. We assume that the hypersurface (2.1) is spacelike with respect to a prescribed spacetime metric gap ( X ) on A, with signature ( -, + , + , + ). At each point of the hypersurface we construct the (anholonomic) basis consisting of the three tangent vectors X " , ( x ; X I : = X " , ' ( x ) to the hypersurface and the unit normal n " ( x ; X I defined by the relations
The notation (x; X I means that X " , and nu are not only functions of the spatial point
x but also functionals of the embedding X .
To describe a continuous deformation of the hypersurface through spacetime, we incorporate it into a foliation X " ( x , t ) of such spacelike hypersurfaces labelled by a parameter t. The deformation vector
connects those events on neighbouring hypersurfaces which have the same spatial coordinates x'. The lapse-shift decomposition consists of expressing the spacetime deformation vector N " in terms of its components N and N u with respect to the basis n", X",: 
g<rp(X(X))X"a(X; x ] x p h ( x ; X I (2.5) induced on the hypersurface X ( x ) , and they are raised by its inverse y a h ( x ; X I .
To illustrate what happens in a parametrised field theory, consider a scalar field + ( X I which propagates in the spacetime A, g a p ( X ) according to the wave equation. By rewriting the spacetime action in Hamiltonian form with respect to the foliation X u ( x , t ) , we obtain
S[4, T ; X I
Here N " ( x ; X I is the deformation vector (2.3) and N ( x ; X I , N " ( x ; X ] are its lapse and shift components (2.4). Further, (2.7)
is the energy density of the field, and H4,(x; 4, . . I :
is its momentum density measured by observers moving along worldlines orthogonal to the foliation. The energy density depends on the embeddings X(x, t ) through the metric (2.5) and its determinant y. The expressions (2.7) and (2.8) can be recombined into
which enters into the first form of the action (2.6).
Because the spacetime action does not depend on the foliation, the variation of the equivalent action (2.6) with respect to X"(x, t) yields valid Euler-Lagrange equations. These can be cast into Hamiltonian form. However, because the embedding velocities N" = X' enter linearly into the action (2.6), the canonical variables (4, T , X", Pa), where P, is the momentum conjugate to X,, are subject to the con- under either set of constraints. The projected constraints H and H, are called, respectively, the superHamiltonian and supermomentum of the parametrised field. The scheme can be generalised to an arbitrary tensor field. In the next section we shall see how the derivation works for a covector field. The Hamiltonian of the parametrised theory is a linear combination of the constraints (2.10) or (2.1 1) with externally prescribed coefficients N"(x), or N ( x ) and N a ( x ) :
J ,
The Poisson brackets of the canonical variables in the extended phase space with the Hamiltonian (2.14) yield the displacement of the embedding X " (x) by the deformation vector N " ( x ) with the lapse and shift components N ( x ) and N"(x), accompanied by the dynamical evolution of the field. As a consequence of the foliation independence of the spacetime action, the constraints (2.10) can be shown (Kuchaf 1976b, § 12) to have vanishing Poisson brackets with each other:
{H"(X), Hp(x')l =o. Hh(x)8,,(x, x')-(ax-bx') .
(2.18) Equations (2.15) or (2.16)-(2.18) ensure that the constraints are preserved in the dynamical evolution.
The representation of the spacetime diff eomorphism group in parametrised field theories found by Isham and Kuchaf (1985a) depends on the validity of (2.15) or the equivalent Dirac relations (2.16)-(2.18). Let U, V E LdiffA be two generators of spacetime diffeomorphisms, i.e., two complete spacetime vector fields on A. Map these vector fields into total Hamiltonians H ( U ) and H ( V ) as in (2.14), Le., put
U + H ( U ) = d3xU"(X(x))H,(x;X, P ,~, T ]
I, (2.19) and similarly for H ( V ) . Then, by virtue of (2.15), one can prove that the mapping (2.19) is a homomorphism from the Lie algebra LdiffA into the Poisson bracket algebra of the dynamical variables on the extended phase space:
{ff(U), H ( V ) > = -H ( [ U, VI). (2.20)
Our task is to analyse what happens in a parametrised gauge theory, for which not all the relevant variables are canonical variables in the phase space of the field.
Parametrised Maxwell electrodynamics
We shall study the parametrisation of Maxwell's electrodynamics as the simplest example of a gauge theory. In Heaviside units (with c = 1) the spacetime action of the source-free electromagnetic field, is constructed from the field tensor -il, I,
The momentum ru canonically conjugate to the vector potential 4u is (3.10)
whereas the scalar potential 4L enters the action as a Lagrange multiplier. The Legendre transformation from 4, to r ' yields the canonical action Y d ' [ u . b l~[~, d ] ~~i~ ' , u and the field momentum density
(3.13)
We can now extend the phase space by the embedding variables X " , P, and form the superHamiltonian and supermomentum (2.1 1). These, however, are not the only constraints of the theory. By varying the action with respect to the scalar potential, we also get the Gauss constraint (3.14)
To see whether the mapping (2.19) represents spacetime diffeomorphisms in parametrised Maxwell electrodynamics, we must check whether the superHamiltonian and supermomentum constraints close according to the Dirac relations (2.16)-(2.18). Unfortunately, they d o not. Equations (2.17) and (2.18) still hold, but (2.16) is replaced by
(3.15)
We see that the Gauss constraint is needed to achieve the desired closure. This is sufficient for the total set of constraints (2.11) and (3.14) to be preserved in the dynamical evolution, but not enough for the Isham-Kucha? construction to work. The trouble is that the scalar potential qbL, by virtue of the gauge invariance, is not a
dynamical variable but instead plays the role of a multiplier which enforces the Gauss constraint. It can be prescribed arbitrarily on each hypersurface, and it is not propagated by the total Hamiltonian (2.14) or (2.19). Because it lies outside the extended phase space, the mapping (2.19) does not achieve the full canonical implementation of spacetime diffeomorphisms.
The role of the Lorentz condition in representing Ldiffd
An easy way of circumventing the difficulties mentioned in the last section is to complement the spacetime action (3.1) by a term which breaks the gauge invariance, thereby making the scalar potential dynamical. One of the simplest options is to add a term enforcing the Lorentz condition. We write
where $ is a new scalar field. Upon varying the action (4.1) with respect to 9, we obtain the Lorentz condition
Note that the fields 4, and $ in the action (4.1) are still non-derivatively coupled to the metric. The modified action (4.1) remains gauge invariant under a limited class of transformations (3.3) such that the gauge function A satisfies the wave equation OA=O.
Let us study what influence the extra term has on the parametrisation process. By decomposing it into parts parallel and perpendicular to the leaves of the foliation, we see that the hypersurface action (3.9) is complemented by the term r r
in which
The momentum r canonically conjugate to CC, is therefore
With respect to the new action, the scalar potential dL(x) becomes a dynamical variable, namely the momentum conjugate to the new field $(x).
The expression (3.10) for the momentum r a conjugate to 4, remains unchanged.
By performing the Legendre dual transformation from 4 and da to 7~ and rra, we cast the new hypersurface action into the canonical form 
H m = t y -1 ' 2 y a h T " T h +~y
One can understand the structure of the field generators (4.7) and (4.8) from general considerations. The new term T $ ,~ in the supermomentum (4.8) is needed to generate the Lie derivative changes of the spatial scalar 9 and its conjugate spatial scalar density T under deformations induced by the shift vector (Kuchai 1976a, § 5) . Similarly, the field part of the superHaniiltonian must necessarily contain certain terms in order that the hypersurface projections 4(, and d)L= y-"*.n of the covector field 4" behave properly under a hypersurface tilt at x which leaves the spacetime point X ( x ) fixed (Kuchai 1976a (Kuchai , § 4, 1976b . The last two terms in (4.7) are exactly those (cf (6.13) in Kuchai 1976b) which are needed to induce such behaviour under hypersurface tilts. In this sense, the extra terms introduced in the new generators (4.7) and (4.8) compared with the old ones, (3.12) and (3.13), are the minimal terms needed to ensure the proper kinematical behaviour of the field projections under hypersurface shifts and tilts. Another way of seeing that the change introduced by the extra term in the action (4.1) is dynamically minimal is to notice that this term is linear in the field derivatives, rather than quadratic as a truly dynamical term would be.
The phase space d)a, nu, 9, T of the new field theory can now be extended by the embedding variables X " , P,, and the constraints H , ( x ) or H ( x ) , H , ( x ) built in the familiar way ((2.10) and (2.1 1)). For representing spacetime diffeomorphisms it is vital to see whether these new constraints, unlike the old ones constructed from the field parts (3.12) and (3.13), satisfy the closure relations (2.15) or (2.16)-(2.18). That they do can be shown either by the general argument given in KuchaE (1976b, § 12) (because now all the projections of the fields involved are dynamical), or by direct calculations. We can thus conclude that the mapping (2.19) is a homomorphism (2.20) from the Lie algebra LdiffA of the spacetime diffeomorphism group into the Poisson algebra of the dynamical variables on the extended phase space 4a, rn, 9, T , X " , Pa of the modified electrodynamics with the spacetime action (4.1).
Recovering Maxwell's electrodynamics
Unfortunately, the dynamical theory with the action (4.1) is not identical to Maxwell's electrodynamics with the action (3.1). In the process of enforcing the Lorentz condition by means of an extra term containing the scalar field $ ( x ) , we have introduced a source term into the first series of Maxwell's equations. Indeed, by varying the action (4.1) with respect to 4e, we obtain (5.1)
As a consequence of (5.1), the field + must satisfy the wave equation, which reiterates its dynamical character. To recover the Maxwell electrodynamics in vucuo, however, one must require that 4 vanish, or at least be a spacetime constant. Fortunately, this can be accomplished in the canonical version of the theory simply by imposing additional constraints on the phase space data.
To see how this is done, write the Hamilton equations which follow from the canonical action (4.6)-(4.8). The changes of the dynamical variables along the hypersurface induced by H ( fi) are trivial, so let us limit our attention to the normal changes and hence, to preserve the constraint (5.6) as time goes on, we must also impose the Gauss constraint (3.14). We see that the constraint (5.6) plays the role of a 'primary' constraint and the Gauss constraint (3.14) that of a 'secondary' constraint (Dirac 1964, lecture no 1). Once the constraints (5.6) and (3.14) are imposed on the initial data, they are preserved in the dynamical evolution generated by the total Hamiltonian H ( N ) + H ( $ ) , Indeed, by simple direct calculations, it can be shown, using the identity the point will keep moving along this intersection. As mentioned in 9 1, this is analogous to the situation in canonical geometrodynamics, in which generators of the diffeomorphism group also keep a point in the extended phase space moving on the intersection of the constraint surfaces associated with the geometrodynamical superHamiltonian and supermomentum on one hand, and with the newly introduced embedding variables on the other hand. This is the main issue we wanted to elucidate in this paper.
